Let M be a totally orientable graph manifold with characteristic submanifold T and let M = V ∪ S W be a Heegaard splitting. We prove that S is standard. In particular, S can be isotoped so that for each vertex manifold N of M , S ∩ N is either horizontal, pseudohorizontal, vertical or pseudovertical.
Introduction
The subject of this investigation is the structure of Heegaard splittings of graph manifolds. This investigation continues the work begun in [20] , [21] , [13] and [22] . Since the publication of those papers, new techniques have been added to the repertoire of those interested in describing the structure of Heegaard splittings. These include the idea of untelescoping a weakly reducible Heegaard splitting into a generalized strongly irreducible Heegaard splitting due to M. Scharlemann and A. Thompson. They also include the Rubinstein-Scharlemann graphic, as employed by D. Cooper and M. Scharlemann in [6] . These insights have not left the investigation here unaffected. We hope that their role here is a tribute to proper affinage 1 . (The structural theorem given here has been promised for rather a long time.) A similar theorem was announced by J.H.Rubinstein.
The main theorem is the following, for defintions see sections 2 and 3: Theorem 1.1. Let M be a totally orientable graph manifold. If M = V ∪ S W is an irreducible Heegaard splitting, then S is standard. More specifically, S can be isotoped so that for each vertex manifold N of M , S ∩ N is either horizontal, pseudohorizontal or vertical and such that for each edge manifold (torus) × I ⊂ E, S ∩ ((torus) × I) is characterized by one of the following: 1) After isotopy, S ∩ ((torus) × I) is obtained from a collection of incompressible annuli by ambient 1-surgery along a collection of arcs each of which is isotopic into (torus) × {point}.
2) There is a pair of simple closed curves c, c ⊂ (torus) such that c ∩ c consists of a single point p ∈ (torus) and V ∩((torus)×I) is a collar of (c×{0})∪(p×I)∪(c ×{1}).
The graph manifolds considered here are totally orientable, that is, they are orientable 3-manifolds and for each vertex manifold the underlying surface of the orbit space is orientable. It follows from [10, VI.34 ] that an incompressible surface can be isotoped to be either horizontal or vertical in each vertex manifold of a totally orientable graph manifold. In conjunction with the notion of untelescoping a weakly reducible Heegaard splitting into a strongly irreducible generalized Heegaard splitting, this observation reduces the investigation at hand to the investigation of strongly irreducible Heegaard splittings of generalized graph manifolds (for definitions, see below).
In the investigation of strongly irreducible Heegaard splittings of generalized graph manifolds, the nice properties of strongly irreducible Heegaard splittings often reduce this investigation to a study of the behaviour of the Heegaard splittings near the characteristic submanifolds. In this context, a theorem of D. Cooper and M. Scharlemann completes the description of this behaviour, see Proposition 7.15 and Proposition 7.23. This theorem may be found in [6, Theorem 4.2] .
The theorem here is purely structural in the sense that it describes the various ways in which a Heegaard splitting may be constructed. In particular, it enables a computation of Heegaard genus, i.e., the smallest possible genus of a Heegaard splitting, for totally orientable graph manifolds. To compute this genus, one need merely consider the finitely many possible constructions, compute the corresponding Euler characteristics, and find the extremal value. This line of thought is pursued in [24] , where the genus of a certain class of totally orientable graph manifolds is compared to the rank, i.e., the least number of generators, of the fundamental group of these manifolds.
The theorem leaves open the question of classification. There will be some, though probably not too many, cases in which the various constructions are isotopic. More interestingly, there may be larger scale isotopies. I.e., there may be two Heegaard splittings of a graph manifold that are isotopic but not via an isotopy fixing their intersection with the decomposing tori. Clearly, this leaves much room for further investigation.
The global strategy is as follows: By Theorem 3.10, a Heegaard splitting is the amalgamation of the strongly irreducible Heegaard splittings arising in any of its weak reductions. Thus, one begins with a Heegaard splitting of a graph manifold. One then considers a weak reduction of this Heegaard splitting. Cutting along the incompressible surfaces in the weak reduction yields generalized graph manifolds with strongly irreducible Heegaard splittings. One analyzes the possible strongly irreducible Heegaard splittings of generalized graph manifolds. Finally, one considers all possibilities arising in the amalgamation of strongly irreducible Heegaard splittings of generalized graph manifolds.
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Totally orientable graph manifolds
For standard definitions pertaining to knot theory see for instance [4] , [11] or [15] . For 3-manifolds see [9] or [10] . Note that the terminology for graph manifolds has not been standardized.
Definition 2.1. A Seifert manifold is a compact 3-manifold that admits a foliation by circles.
For a more concrete definition, see for instance [10] . The fact that the simple definition here is in fact equivalent to more concrete definitions follows from [7] . Definition 2.2. The circles in the foliation of a Seifert fibered space M are called fibers. The natural projection that sends each fiber to a point is denoted by p : M → Q. The quotient space Q is called the base orbifold of M . A fiber f is called an exceptional fiber if nearby fibers wind around f more than once. Otherwise, f is called a regular fiber. The image under p of a regular fiber is called a regular point and the image under p of an exceptional fiber is called an exceptional point.
The base orbifold is in fact a surface. This follows from standard facts about foliations in conjunction with [7] . It also follows that there will be only finitely many exceptional fibers. It follows that a horizontal surface in a Seifert fibered space M orbifold covers the base orbifold of M . Definition 2.5. A Seifert fibered space is totally orientable if it is orientable as a 3-manifold and has an orientable base orbifold.
We are now ready to define graph manifolds. 2) Each edge e of Γ corresponds to a 3-manifold homeomorphic to (torus) × S 1 , denoted by M e and called an edge manifold;
3) If an edge e is incident to a vertex v, then this incidence is realized by an identification of a boundary component of M e with a boundary component of M v via a homeomorphism.
A graph manifold is totally orientable if each vertex manifold is totally orientable. The union of edge manifolds in M is also called the characteristic submanifold of M . It is denoted by E. The image of a boundary component of the characteristic submanifold of M is a torus called a decomposing torus. It is denoted by T . Remark 2.7. We have placed no restrictions on the homeomorphism that identifies a boundary component of an edge manifold with a boundary component of a vertex manifold. Thus according to this definition, there will be Seifert fibered spaces that admit a description as a graph manifold with non empty characteristic submanifold. From the point of view of the investigation here, this is often a useful way to think of such a Seifert fibered space. See [26] . 
Untelescoping and amalgamation
We here give the basic definitions concerning Heegaard splittings, strongly irreducible Heegaard splittings, untelescopings and amalgamations. Theorem 3.10 below is crucial to the global strategy employed in our investigation. Definition 3.1. A compression body is a 3-manifold W obtained from a connected closed orientable surface S by attaching 2-handles to S × {0} ⊂ S × I and capping off any resulting 2-sphere boundary components. We denote S × {1} by ∂ + W and ∂W \∂ + W by ∂ − W . Dually, a compression body is a connected orientable 3-manifold obtained from a (not necessarily connected) closed orientable surface ∂ − W × I or a 3 − ball by attaching 1-handles.
In the case where ∂ − W = ∅ (i.e., in the case where a 3 − ball was used in the dual construction of W ), we also call W a handlebody. If W = ∂ − W × I, we say that W is a trivial compression body. Definition 3.2. A spine of a compression body W is a 1-complex X such that W collapses to ∂ − W ∪ X. Definition 3.3. A set of defining disks for a compression body W is a set of disks {D 1 , . . . , D n } properly imbedded in W with ∂D i ⊂ ∂ + W for i = 1, . . . , n such that the result of cutting W along D 1 ∪ · · · ∪ D n is homeomorphic to ∂ − W × I or to a 3-ball in the case that W is a handlebody.
We call S the splitting surface or Heegaard surface.
The notion of strong irreducibility of a Heegaard splitting was introduced by A. Casson and C. McA. Gordon in [5] and has proven extremely useful. 
such that each of the V i and W i is a union of compression bodies with
We say that a generalized Heegaard splitting is strongly irreducible if each Heegaard splitting of a component of M i = V i ∪ S i W i is strongly irreducible and each F i is incompressible in M . We will denote ∪ i F i by F and ∪ i S i by S. The surfaces in F are called the thin levels and the surfaces in S the thick levels.
Let M = V ∪ S W be an irreducible Heegaard splitting. We may think of M as being obtained from ∂ − V × I by attaching all 1-handles in V (dual definition of compression body) followed by all 2-handles in W (standard definition of compression body), followed, perhaps, by 3-handles. An untelescoping of M = V ∪ S W is a rearrangement of the order in which the 1-handles of V and the 2-handles of W are attached yielding a generalized Heegaard splitting. A weak reduction of M = V ∪ S W is an untelescoping that is strongly irreducible.
The Main Theorem in [18] implies the following: Theorem 3.8. Let M be an irreducible 3-manifold. Any Heegaard splitting M = V ∪ S W has a weak reduction. Definition 3.9. Let N, L be 3-manifolds with R a closed subsurface of ∂N , and S a closed subsurface of ∂L, such that R is homeomorphic to S via a homeomorphism
Here N (R) is homeomorphic to R × I via a homeomorphism f and N (S) is homeomorphic to S × I via a homeomorphism g. Let ∼ be the equivalence relation on N ∪ L generated by
3) x ∼ y if x R, y S and h(x) = y, where p 1 is projection onto the first coordinate. Perform isotopies so that for D an attaching disk for a 1-handle in U 1 , D an attaching disk for a 1-handle in 
One of the nice properties of strongly irreducible Heegaard splittings is apparent in the following lemma which is a deep fact and is proven, for instance, in [23, Lemma 6] .
Lemma 3.11. Suppose M = V ∪ S W is a strongly irreducible Heegaard splitting and P ⊂ M an essential incompressible surface. Then S can be isotoped so that S ∩ P consists only of curves essential in both S and P .
Incompressible surfaces and generalized graph manifolds
In the arguments that follow, we employ the ideas of untelescoping and amalgamation. In this section, we describe the incompressible surfaces that arise in a weak reduction of a Heegaard splitting. We then describe the 3-manifolds that result from cutting a graph manifold along such incompressible surfaces. We will call these 3-manifolds generalized graph manifolds. Later, we will consider the strongly irreducible Heegaard splittings on these generalized graph manifolds.
Remark 4.1. An edge manifold of a totally orientable graph manifold M is homeomorphic to (torus) × I. There are infinitely many distinct foliations of (torus) × I as an annulus bundle over the circle. The incompressible surfaces in (torus) × I are tori isotopic to (torus) × {point}, annuli isotopic to the annular fibers in the foliations of (torus) × I as an annulus bundle over the circle and annuli parallel into ∂((torus) × I).
Lemma 4.2. Let F be an incompressible surface in a totally orientable graph manifold M . Then F may be isotoped so that in each edge manifold it consists of incompressible tori and essential annuli and in each vertex manifold it is either horizontal or vertical.
Proof: Let T be the collection of decomposing tori for M . Since F and T are incompressible, F may be isotoped so that F ∩ T consists only of curves essential in both F and T . We may assume that this has been done in such a way that the number of components in F ∩ T is minimal. Let N be a component of M \T , then F ∩ N is incompressible. Furthermore, no component of F ∩ N is an annulus parallel into T . Suppose F ∩ N is boundary compressible in N . LetD be a boundary compressing disk for F ∩ N . Then ∂D = a ∪ b, with a ⊂ ∂N and b ⊂ F . Since F ∩ T consists only of curves essential in both F and T , the component A of ∂N \(F ∩ ∂N ) that contains a is an annulus. Let B(D) be a bicollar ofD. Then ∂B(D) has two components,
Since F is incompressible, D must be parallel to a disk in F , but this implies that the number of components of F ∩ T is not minimal, a contradiction. Thus, F ∩ N is boundary incompressible in N .
If N is an edge manifold, then F ∩ N is as required by Remark 4.1. If N is a vertex manifold, then [10, VI.34] allows three possibilities for F ∩ N : 1) F ∩ N is vertical; 2) F ∩ N is horizontal; or 3) F ∩ N is the boundary of a twisted I-bundle over a horizontal surfaceF N in N . For a boundary incompressible surface in N this latter possibility would imply that there is a nonorientable horizontal surfaceF N in C. In particular,F N would be a cover of the base orbifold. But this is impossible. Hence F ∩ N is either horizontal or vertical. Hence F ∩ N is as required.
The following definition describes the 3-manifolds that result when a totally orientable graph manifold is cut along incompressible surfaces. 2) Each edge e of Γ corresponds either to a 3-manifold homeomorphic to (torus) × I or to a 3-manifold homeomorphic to (annulus) × I. This manifold is denoted by M e and called an edge manifold.
3) If the edge manifold M e is homeomorphic to (torus) × I and e is incident to a vertex v, then this incidence is realized by an identification of a boundary component of M e with a boundary component of M v . In particular, M v must be Seifert fibered.
4)
If the edge manifold M e is homeomorphic to (annulus) × I and e is incident to a vertex v, then this incidence is realized by an identification of a component of (∂(annulus)) × I, with a subannulus of ∂M v . If M v is Seifert fibered, then this subannulus of ∂M v consists of fibers of M v . If M v is homeomorphic to (compact surf ace)× I, then this subannulus is a component of (∂(compact surf ace)) × I.
5)
If a vertex manifold M v is homeomorphic to (compact surf ace) × I, then the valence of v equals the number of components of (∂(compact surf ace)) × I. I.e., each component of (∂(compact surf ace)) × I is identified with a subannulus of the boundary of an edge manifold.
A generalized graph manifold is totally orientable if each vertex manifold that is Seifert fibered is totally orientable and each vertex manifold that is not Seifert fibered is homeomorphic to (compact orientable surf ace) × I.
The union of edge manifolds in M is also called the characteristic submanifold of M . It is denoted by E. The image of a torus or annulus, respectively, along which an indentification took place is called a decomposing torus or decomposing annulus, respectively. The union of decomposing tori and annuli is denoted by T .
Consider the case in which an edge manifold M e = (torus) × [0, 1] of a graph manifold is cut along an incompressible torus T = (torus) × {point}. When M e is cut along T , the remnants of M e are (torus) × [0, 1 2 ] and (torus) × [ 1 2 , 1]. Each of these remnants forms a collar of a vertex manifold. A foliation of (torus) by circles may be chosen in such a way that the Seifert fibration of the vertex manifold extends across the remnant. We may thus ignore these remnants, as we do in the above definition of generalized graph manifolds. This facilitates the discussion of strongly irreducible Heegaard splittings of generalized graph manifolds. Later, when considering amalgamations of strongly irreducible Heegaard splittings of generalized graph manifolds, we will have to reconsider these remnants. 
Examples of Heegaard splittings
In this section we describe some examples of Heegaard splittings for graph manifolds and generalized graph manifolds. The following definition facilitates describing the structure of certain surfaces.
Definition 5.1. Let F be a surface in a 3-manifold M and α an arc with interior in M \F and endpoints on F . Let C(α) be a collar of α in M . The boundary of C(α) consists of an annulus A together with two disks D 1 , D 2 , which we may assume to lie in F . We call the process of replacing
The process of ambient 1-surgery on a surface along an arc is sometimes informally referred to as "attaching a tube". Example 5.2. Let Q be a closed orientable surface. The standard Heegaard splitting of Q × S 1 may be constructed in more than one way. In particular, consider a small disk D ⊂ Q and a collection Γ of arcs that cut Q\D into a disk. Let S be the result of performing ambient 1-surgery on ∂D × S 1 along Γ × {point}. Then S is the splitting surface of a Heegaard splitting Q × S 1 = V ∪ S W (for details, [20] ). See Figure 2 . One of the handlebodies is
The same Heegaard splitting of Q × S 1 may be obtained in another way: Partition S 1 into two intervals I 1 , I 2 that meet in their endpoints. Consider two distinct points p, q ∈ Q. Then the surface obtained by performing ambient 1-surgery on Q × ( One does not usually consider Q × S 1 as a graph manifold with non empty characteristic submanifold. But we may do so, somewhat artificially, by choosing an essential circle c in Q, and declaring a collar of c × S 1 to be the characteristic submanifold. From this point of view, Q × S 1 is a graph manifold modelled on a graph with a single edge and either one vertex, in the case that c is non separating, or two vertices, in the case that c is separating.
When we think of Q × S 1 as a graph manifold, we may choose p, q on c. Then we see that S is horizontal in the vertex manifold(s) and has the required structure in the edge manifold.
The fact that this Heegaard splitting can be constructed either from a vertical torus or from horizontal surfaces via ambient 1-surgery is likely to be a very special feature. But there are no general techniques for detecting the sort of global isotopies that allow this to happen.
The Heegaard splitting described turns out to be the only irreducible Heegaard splitting for a manifold of the form (closed orientable surf ace) × S 1 . This fact is the main theorem of [20] . The construction can be generalized to Seifert fibered spaces to provide the canonical Heegaard splittings for totally orientable Seifert fibered spaces, see [1] and [13] . The Heegaard splittings arising from this construction have been termed vertical. This terminology has created some confusion, because the splitting surface of a vertical Heegaard splitting is not vertical as a surface. Here we will continually focus on the splitting surface. In particular, we will want to distinguish between surfaces that are vertical and surfaces that are the splitting surface of a vertical Heegaard splitting. For this reason, we will augment the existing terminology and refer to the splitting surface of a vertical Heegaard splitting as "pseudovertical".
We recall the definition of a vertical Heegaard splitting for a Seifert fibered space. Because the structure of Heegaard splittings for totally orientable Seifert fibered spaces has been completely described by in [13] , we may restrict our attention to Seifert fibered spaces with non empty boundary in the definition below. . . , f n into two subsets: f 1 , . . . , f i , the fibers that will lie in V and f i+1 , . . . , f n , the fibers that will lie in W . Then partition B 1 , . . . , B m into two subsets: B 1 , . . . , B j , the boundary components that will lie in V and B j+1 , . . . , B m , the boundary components that will lie in W . We may assume that j ≥ 1, for otherwise we may interchange the roles of V and W in the construction below. Let Γ be a collection of arcs in O each with at least one endpoint on b 1 such that O\Γ is a regular neighborhood of e i+1 ∪· · ·∪e n ∪b j+1 ∪· · ·∪b m or of a point, if this set is empty. See Figure 3 . [21] or [13] .) A Heegaard splitting of a Seifert fibered space with non empty boundary constructed in this manner is called a vertical Heegaard splitting. A pseudovertical surface is a surface that is the splitting surface of a vertical Heegaard splitting.
A little more work is required to extend this notion to the setting of graph manifolds. Here we consider the intersection of a Heegaard splitting of a generalized graph manifold with a vertex manifold that is a Seifert fibered space. 2) There is a collection of arcs Γ in the interior of M v such that each endpoint of each arc in Γ lies in A and such that Γ projects to a collection of disjoint imbedded arcs.
3) S ∩ M v is obtained from A by ambient 1-surgery along Γ.
The assumption that M = V ∪ S W is a Heegaard splitting places strong restrictions on S.
Each such annulus is either a spanning annulus in V or W , or it has both boundary components in S.
Consider the result of cutting a compression body V along an annulus A with ∂A ⊂ ∂ + V . If the annulus is inessential, then the effect is nil. If the annulus is essential, then the result is again a, possibly disconnected, compression body, see [23, Lemma 2] . If the annulus is a spanning annulus, then the result is not quite a compression body, but it is a compact 3-manifold of the form ((compact surf ace) × I) ∪ (1 − handles).
The only way this can happen, given the structure of S ∩ M v , is if the components of V ∩ M v and W ∩ M v are constructed from vertical solid tori and perhaps components homeomorphic to (annulus) × S 1 by attaching "horizontal" 1-handles. For more concrete computations, see [24] .
It is a non trivial fact that for Seifert fibered spaces the two definitions of pseudovertical surfaces coincide. This follows from [20, Proposition 2.10] via Lemma 7.1 (an adaptation of the central argument in [21] ) along with Lemma 7.3. For an illustration, see the final remarks in the example below.
Example 5.5. Let M be a Seifert fibered space with base orbifold a disk and with two exceptional fibers f 1 , f 2 . Let T be a boundary parallel torus and let α be an arc connecting T to itself that projects to an imbedded arc that runs between the two exceptional points. Let S be the result of performing ambient 1-surgery on T along α. Then S is the splitting surface of a Heegaard splitting of M = V ∪ S W (see [13] ). Now consider two copies
We may assume that ∂M 1 ⊂ V 1 and ∂M 2 ⊂ W 2 . Now identify ∂M 1 and ∂M 2 to obtain a 3-manifold M . Amalgamate M 1 and M 2 along ∂M 1 , ∂M 2 to obtain a Heegaard splitting M = V ∪ S W . The result is schematically indicated in Figure 4 . The circle corresponds to a vertical torus. The splitting surface of the Heegaard splitting is obtained by performing ambient 1-surgery on this torus along arcs in M corresponding to the dashed arcs. The manifold M obtained when ∂M 1 and ∂M 2 are identified is a graph manifold modelled on a graph with two vertices and one edge connecting the two vertices. The vertex manifolds are slightly shrunken versions of M 1 and M 2 . The edge manifold is a collar of the image of ∂M 1 and ∂M 2 in M . Figure 5 indicates that, after a small isotopy, S is pseudovertical in each of the two vertex manifolds and is incompressible in the edge manifold.
If the homeomorphism that identifies ∂M 1 with ∂M 2 is fiberpreserving, then M is in fact a Seifert fibered space. In this case S is isotopic to the surface indicated in Figure 6 . This surface is obtained by performing ambient 1-surgery along two arcs corresponding to the dashed arcs on the two vertical tori corresponding to the two solid circles.
The above construction can be generalized to arbitrary graph manifolds. The The following two examples illustrate the more peculiar Heegaard splittings that arise under special circumstances.
Example 5.6. Let N be a Seifert fibered space with base orbifold the sphere and with four exceptional fibers f 1 , . . . , f 4 with carefully chosen invariants:
Here N \η(f 4 ) is a Seifert fibered manifold with boundary and hence fibers over the circle. More specifically, it fibers as a once punctured torus bundle over the circle. By partitioning the circle into two intervals I 1 , I 2 that meet in their endpoints, we obtain a decomposition N \η(f 4 ) = V ∪ S W with V = (once punctured torus) × I 1 , W = (once punctured torus) × I 2 and S = two once punctured tori.
Note that this decomposition is not a Heegaard splitting in the sense used here as S is not closed. Now the carefully chosen invariants guarantee that the boundary of a meridian disk of N (f 4 ) meets ∂V in a single arc. In particular, V = V ∪ N (f 4 ) is also a handlebody (of genus two). Setting W = W , this defines a Heegaard splitting N = V ∪ S W . The splitting surface of this Heegaard splitting is a horizontal surface away from N (f 4 ). And after a small isotopy, S ∩ N (f 4 ) is a collar of f 4 . Thus S is pseudohorizontal.
Example 5.7. Let Q be a once punctured torus.
Here M is a graph manifold modelled on a graph with two vertices and one edge connecting the two vertices. Its characteristic submanifold is a collar of T 1 = T 2 . In the vertex manifolds, S is horizontal. In the edge manifold, S has a very specific structure.
Definition 5.8. Let M be a generalized graph manifold with characteristic submanifold E. Let M = V ∪ S W be a Heegaard splitting. We say that M = V ∪ S W is standard if S can be isotoped so that for each vertex manifold M v of M , S ∩ M v is either horizontal, pseudohorizontal, vertical or pseudovertical and such that for each edge manifold M e of M , S ∩ M e is characterized by one of the following: 1) M e = (torus)×I or M e = (annulus)×I and, after isotopy, S ∩M e is obtained from a collection of incompressible annuli by ambient 1-surgery along a collection of arcs each of which is isotopic into (torus) × {point} or (annulus) × {point}, respectively.
2) M e = (torus) × I and there is a pair of simple closed curves c, c ⊂ (torus) such that c ∩ c consists of a single point p ∈ (torus) and V ∩ ((torus) × I) is a collar of (c × {0}) ∪ (p × I) ∪ (c × {1}).
The active component
In this section we consider a generalized graph manifold W . We show that if M = V ∪ S W is a strongly irreducible Heegaard splitting, then S may be isotoped so that it is incompressible away from a single vertex or edge manifold of M . Proof: Isotope S so that T ∩S consists only of curves essential in both T and S. Furthermore, assume that the isotopy has been chosen so that |T ∩S| is minimal subject to this condition. Suppose that D is an outermost subdisk of D V \(T ∩ D). Let N be the vertex or edge manifold of M containing D . Then either D is a disk in the interior of V or D meets an annular component A of V ∩ ∂N . In case of the latter, ∂D meets A in a single arc, a. Let D be the disk obtained by cutting A along a, adding two copies of D and isotoping the result to be a properly imbedded disk in V . The assumption that |T ∩S| be minimal guarantees that D is an essential disk in V . Thus in both cases, there is an essential disk properly imbedded in V that lies in the interior of N , we refer to this disk as D.
Similarly, consider an outermost subdisk of D W \(T ∩ D W ). The above argument shows that in a vertex or edge manifold N of M , there is an essential disk E properly imbedded in W . Since M = V ∪ S W is strongly irreducible, D must meet E, hence the vertex or edge manifold N must coincide with the vertex or edge manifold N .
It follows that for each vertex or edge manifoldÑ = N , S ∩Ñ is incompressible. 7 What happens in the active component?
The possibilities for the active component depend on the type of the active component. There are five possibilities. We discuss each in turn.
Seifert fibered vertex manifold with exterior boundary
We first consider the case in which the active component of M = V ∪ S W is a vertex manifold M v that is a Seifert fibered space and that has exterior boundary. There are two cases, that in which the characteristic submanifold of M is non empty and that in which it is empty, i.e., M is Seifert fibered with non empty boundary. Then f is a core of either V or W .
Proof: In fact, in the central argument in [21] , the existence of a boundary component is used exclusively to produce such an annulus. This more general lemma will be used in the next subsection. A consequence of Lemma 7.1 is that we can make use of the following lemma. Two cases must be considered, that in which the characteristic submanifold of M is non empty and that in which it is empty, i.e., M is Seifert fibered with non empty boundary.
Proposition 7.4. Suppose that M is a generalized graph manifold with non empty characteristic submanifold. Suppose that M = V ∪ S W is a Heegaard splitting. Suppose that the active component of M = V ∪ S W is a vertex manifold M v that is a Seifert fibered space and that has exterior boundary. Then we may isotope the decomposing tori, thereby redefining M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is a vertical surface and so that an edge manifold becomes the active component.
Proof: The proof is by induction on the number of exceptional fibers in M v . Suppose first that M v contains no exceptional fibers. Denote the exterior boundary of
After an isotopy, S ∩ A consists of closed curves essential in both S and A and in the minimal possible number of such curves. In particular, after a small isotopy, this intersection consists of regular fibers of M v . Now isotope S so that S ∩ N (A) consists of vertical incompressible annuli. Set LetT be a component of ∂M v \∂ EMv . ThenT is parallel to a decomposing torus or annulus T . We replace T byT . We may do so via an isotopy. We do this for all components of ∂M v \∂ EMv . After this process, the conclusions of the proposition hold.
To prove the inductive step, suppose that f is an exceptional fiber of M v . Then by Lemma 7.1, f is a core of either V or W , say of V . The inductive hypothesis in conjunction with Lemma 7.3 then proves the theorem.
For the remaining case, recall the main theorem of [21] stated in the terminology used here.
Theorem 7.5. Suppose M is a totally orientable Seifert fibered space with non empty boundary. Suppose M = V ∪ S W is a Heegaard splitting. Then S is pseudovertical.
Proof: This is the main theorem of [21] .
Seifert fibered vertex manifold without exterior boundary
Next we consider the case in which the active component of M = V ∪ S W is a vertex manifold M v that is a Seifert fibered space and that has no exterior boundary. Part of the strategy is somewhat reminiscent of the strategy used in the preceding case.
However, the situation here is more complicated and a more refined strategy must be used. The refined strategy involves a generalization of Lemma 3.11 to a "spine" of the vertex manifold. The following lemma generalizes Lemma 3.11. Though we will only be interested in this lemma in the case that N is a vertex manifold of a graph manifold, we state it in very general terms. It applies to a larger class of 3-manifolds than just graph manifolds.
Lemma 7.7. Let M = V ∪ S W be a strongly irreducible Heegaard splitting. Let N be a totally orientable Seifert fibered submanifold of M that doesn't meet ∂M . Let Γ 2 be a spine of N . Then S may be isotoped so that the following hold: 1) S ∩ Γ 2 consists of simple closed curves and simple closed curves wedged together at points in γ.
2) No closed curve in
Proof: The first part of the assertion follows by general position. To prove the second assertion, let X be a spine of V and Y a spine of
is homeomorphic to S × (0, 1). X can't be disjoint from Γ 2 . Thus for t near 0, (S × t) ∩ Γ 2 contains simple closed curves that bound essential disks in V . Y can't be disjoint from Γ 2 either. Thus for t near 1, (S × t) ∩ Γ 2 contains simple closed curves that bound essential disks in W .
As t increases, (S × t) ∩ Γ 2 changes continuously. Since M = V ∪ S W is strongly irreducible, there can be no t such that (S × t) ∩ Γ 2 contains simple closed curves that bound essential disks in V and simple closed curves that bound essential disks in W . Thus, there is a t 0 , such that (S × t 0 ) ∩ Γ 2 contains no simple closed curves that bound essential disks in V or W . Any remaining disk components in (S × t 0 ) ∩ Γ 2 must be inessential in V or W and can hence be removed via isotopy. The lemma follows.
Before launching into the two main portions of the argument, we prove an auxiliary lemma. This lemma is a weak version of a counterpart to Theorem 3.3 in [17] . 
of meridian disks of U and components that are obtained by ambient 1-surgery on pairs of meridian disks along a single arc that joins the two meridian disks. Proof: Let s be a component of S ∩ ∂U . A collar of s in S is an annulus A. Lemma 2.6 in [19] states: "Suppose S gives a Heegaard splitting of a 3-manifold M into compression bodies V and W . Suppose that F ⊂ S is a compact subsurface so that every component of ∂F is essential in S. Suppose each component of ∂F bounds a disk in M disjoint from interior(F ). Either ∂F bounds a collection of disks in a single compression body or M = V ∪ S W is weakly reducible."
Here M = V ∪ S W is strongly irreducible. It follows that either s bounds a disk in S or s bounds a disk in a single compression body, say V . Here ∂(M \interior(U )) is incompressible in M \interior(U ). It follows that in case of the former, s bounds a meridian disk of U in S ∩ U and that in case of the latter, a meridian disk of U bounded by s lies entirely in V .
Thus either s bounds a meridian disk in S ∩ U or bounds a meridian disk in the surface obtained by compressing S ∩ U along D. It follows that S ∩ U may be reconstructed from meridian disks by ambient 1-surgery along a collection of arcs such that each meridian disk meets at most one endpoint of one of the arcs. In particular, between two meridian disks there is at most one arc.
Lemma 7.9. Suppose that the active component of M = V ∪ S W is a vertex manifold M v that is a Seifert fibered space with boundary but no exterior boundary. Then one of the following holds: 1) We may isotope the decomposing tori, thereby redefining M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is either a horizontal or vertical incompressible surface and so that an edge manifold becomes the active component.
Or:
2) S may be isotoped within M v so that a fiber f of M v lies in S.
Proof: Let Γ 2 be a spine of M v and isotope S within M v so that the conclusions of Lemma 7.7 hold. Three cases need to be considered: Case 1: A simple closed curve in S ∩ Γ 2 can be isotoped to be vertical.
Then S may be isotoped in M v so that it contains a regular fiber of M v .
Case 2: No simple closed curve in S ∩ Γ 2 can be isotoped to be vertical and in each solid torus component U of M v \η(Γ 2 ), S ∩ ∂U consists of meridians.
In this case, after a small isotopy, S ∩N (Γ 2 ) is a horizontal incompressible surface. Furthermore, let U be a component of M v \η(Γ 2 ). By Lemma 7.8 S ∩ U consists of meridian disks possibly together with other components that are obtained by ambient 1-surgery on pairs of meridian disks along a single arc that joins the two meridian disks. Isotope each such arc out of U , through N (Γ 2
LetM v be the union of N (Γ 2 ) with the solid tori containing the exceptional fibers of M v . ThenM v is a shrunk version of M v . Note that S ∩M v is a horizontal incompressible surface. LetT be a component of ∂M v . ThenT is parallel to a decomposing torus T . We replace T byT . We may do so via an isotopy. We do this for all components of ∂M v . After this process, the conclusions of the lemma hold.
Case 3: No simple closed curve in S ∩ Γ 2 can be isotoped to be vertical and there is a solid torus component U of M v \η(Γ 2 ) such that S ∩ ∂U does not consist of meridians.
The argument in this case is given, for instance, in Proposition 1.1 of [2] . For completeness we povide a sketch of an argument more in line with the ideas used here. In this case there is a possibly singular annulus A between a component of S ∩ ∂U and the exceptional fiber f in U . If A is not singular, then A describes an isotopy of S after which f lies in S. If A is singular, then A satisfies the hypotheses of Lemma 7.2. Thus f is a core of either V or W . I.e., S is the splitting surface for a Heegaard splitting of M \η(f ). But then Proposition 7.4 applies to M v \η(f ) and we may isotope the decomposing tori, thereby redefining M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is a vertical incompressible surface and so that an edge manifold becomes the active component. 1) We may isotope the decomposing tori, thereby redefining the active component M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is a vertical incompressible surface and so that an edge manifold becomes the active component.
2) S ∩ M v is pseudohorizontal.
Proof: Consider a small regular neighborhood N (f ) of f such that S ∩N (f ) is a collar A of f . Compress S as much as possible in M v \η(f ) to obtain an incompressible surface S * ⊂ M \η(f ). By Haken's Theorem, each compressing disk can be chosen to lie entirely on one side of S. Since M = V ∪ S W is strongly irreducible, all compressions must have been performed to one side of S. It follows that S * lies either in V or in W . There are three options for S * ∩ M v :
contains an annulus that is parallel into ∂N (f ).
contains a torus bounding a solid torus in either V or W . Furthermore, f lies on the boundary of this solid torus and meets a meridian disk once. After a small isotopy, f is a core of the solid torus. Thus f is a core of either V or W . But then Proposition 7.4 applies to M v \η(f ) and we may isotope the decomposing tori, thereby redefining M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is vertical and so that an edge manifold becomes the active component.
is not boundary parallel, then it is essential and can't be contained in V or W . This is a contradiction, hence this case does not occur.
Since ∂A has two components there are two, necessarily parallel, components of S * ∩ (M v \η(f )). Moreover, since A is parallel into ∂U in both directions, each component of M v \S * is homeomorphic to (punctured surf ace) × (0, 1).
Suppose now that S * lies in, say, V . Denote the component of M \S * that meets W byŴ . Then S defines a Heegaard splitting ofŴ . Let D be a set of disks in the interior of M v that cutŴ ∩ M v into a collar of the annuliŴ ∩ ∂M v . By Haken's Theorem, each such disk can be isotoped to intersect S in a single circle. We may assume that after this isotopy, D still lies in the interior of M v .
Here S may be reconstructed by performing ambient 1-surgery on S * along arcs in W . But this collection of arcs is disjoint from D. Thus all such arcs may be isotoped into edge manifolds M e such that e is incident to v. Note that an edge manifold that contains such an arc becomes the active component. Also note that after this isotopy, the portion of S remaining in M v is pseudohorizontal.
If a surface is pseudohorizontal, then it is boundary compressible. In particular, it lives in the active component. Hence the existence of such arcs contradicts Lemma 6.1.
Vertex manifold not Seifert fibered
Next we consider the case in which the active component of M = V ∪ S W is a vertex manifold M v that is homeomorphic to (compact orientable surf ace)×I. The strategy here is an adaptation of the argument in the preceeding case. Though the setup here is much simpler.
Definition 7.11. Let Q be a compact surface with non empty boundary. A spine of Q is a 1-complex Γ 1 with exactly one vertex v that cuts Q into a regular neighborhood of ∂Q. A 2-complex of the form Γ 2 = Γ 1 × I is called a spine of Q × I. We denote the 1-manifold v × I by γ.
The following lemma is another generalization of Lemma 3.11. We will only be interested in this lemma in the case that N is a vertex manifold of a graph manifold, but again we state it in very general terms. It too applies to a larger class of 3-manifolds than just generalized graph manifolds.
Lemma 7.12. Let M = V ∪ S W be a strongly irreducible Heegaard splitting. Suppose N is a submanifold of M homeomorphic to (compact surf ace) × I such that (compact surf ace) × ∂I ⊂ ∂M . Let Γ 2 be a spine of N . Then S may be isotoped so that the following hold: 1) S ∩ Γ 2 consists of simple closed curves and simple closed curves wedged together at points in γ.
2) No closed curve in
The proof of this lemma is identical to the proof of Lemma 7.7.
Lemma 7.13. Suppose that the active component of M = V ∪ S W is a vertex manifold M v that is homeomorphic to (compact orientable surf ace) × I. Then we may isotope the decomposing annuli, thereby redefining the active component M v and the edge manifolds for which e is incident to v slightly, so that after this isotopy, S ∩ M v is a horizontal incompressible surface and so that an edge manifold becomes the active component.
Proof: Let Γ 2 be a spine of M v and isotope S within M v so that the conclusions of Lemma 7.12 hold. Then S ∩ Γ 2 consists of horizontal curves. Here S ∩ N (Γ 2 ) is a bicollar of S ∩ Γ 2 and hence a horizontal incompressible surface.
ThenÃ is parallel to a decomposing annulus A. We replace A byÃ. We may do so via an isotopy. We do this for all components of ∂M v \∂M v . After this process, the conclusions of the lemma hold.
Edge manifold homeomorphic to (annulus) × I
Now we consider the case in which the active component of M = V ∪ S W is an edge manifold M e homeomorphic to (annulus) × I. This case turns out to be a direct application of the following theorem of Marty Scharlemann:
Theorem 7.14. Suppose M = V ∪ S W is a strongly irreducible Heegaard splitting and U ⊂ M is a solid torus such that S intersects ∂U in parallel essential non meridional curves. Then S intersects U in a collection of boundary parallel annuli and possibly one other component, obtained from one or two annuli by ambient 1-surgery along an arc parallel to a subarc of ∂U . If the latter sort of component is in U , then S\U is incompressible in M \U .
Proof: This is Theorem 3.3 in [17] .
The following proposition is stated in general terms. Our interest in this theorem will be the case in which A × I is an edge manifold. Since A × I is a solid torus, this proposition follows directly from Scharlemann's Theorem (Theorem 7.14). 
Each of the incompressible annuli mentioned in Proposition 7.15 is either a spanning annulus or is parallel into A × ∂I. In Figure 11 we see two isotopic possibilities. Note that the tube we see on the left hand side is actually "dual" to the tube we see on the right hand side.
The tube on the left hand side could (after straightening out the picture) be seen as ambient 1-surgery along an arc parallel to a subarc of {point} × I (a vertical arc). In this case the the tube on the right hand side would be seen as ambient 1-surgery along an arc parallel to a subarc of A × {point} (a horizontal arc). 
Edge manifold homeomorphic to (torus) × I
Next we consider the case in which the active component of M = V ∪ S W is an edge manifold M e homeomorphic to (torus) × I. The theorem proven here applies in very general contexts. The techniques used are those developed by Rubinstein and Scharlemann in [16] .
The use of these techniques is inspired by Cooper and Scharlemann's application of the central argument in [16] to the setting of Heegaard splittings of solvmanifolds in [6, Theorem 4.2] . The arguments in this section are identical to the argument in [6, Theorem 4.2] . We weaken one of the hypotheses slightly. In addition, in the setting here, there are no constraints on S ∩ (T × ∂I). In [6] a constraint arises due to the fact that in a solvmanifold the two components of T × ∂I are identified. This means that some scenarios that arise in the argument for [6, Theorem 4.2] can be ruled out there. But they can't be ruled out here. Thus our conclusions are slightly different.
The argument is rather lengthy. The reader is referred to [6] for a sketch and to [16] for details.
We recall some fundamentals concerning the Rubinstein-Scharlemann graphic. Let Σ V be a spine of V and Σ W a spine of W . Then M \(∂ − V ∪ Σ V ∪ ∂ − W ∪ Σ W ) is homeomorphic to S × I. This product foliation is called a sweepout. If S intersects a product submanifold N = Q × I of M then to each point (s, t) in I × I we may associate S s = S × {s} and Q t = Q × {t}. We are interested in S s ∩ Q t .
After a small isotopy, we may assume that the spines and the sweepout are in general position with respect to the foliation of Q × I. There is then a 1-dimensional complex Γ in I × I called the Rubinstein-Scharlemann graphic. See Figure 12 . At a point (s, t) away from Γ, S s and Q t are in general position. On an edge of Γ the surfaces S s and Q t have a single point of tangency. At a vertex of Γ there are either two points of tangency or a "birth-death" singularity. For (s, t) in a region of (I × I)\Γ, S s ∩ Q t is topologically rigid. If there is a curve c in S s ∩ Q t that is essential in S s but bounds a disk in Q t that lies in V near c, then we label the region V . Similarly, if there is a curve c in S s ∩ Q t that is essential in S s but bounds a disk in Q t that lies in W near c, then we label the region W .
We summarize some of the insights from [16] :
Remark 7.17. If a region R is labelled V , then for (s, t) ∈ R the curve c in S s ∩ Q t that is essential in S s and bounds a disk in Q t that lies in V near c also bounds a disk that lies entirely in V . The equivalent statement holds for the label W . (This is [16, Lemma 4.3] .)
This fact has the following immediate consequences. Remark 7.19. If for some s ∈ (0, 1) and some t 0 , t 1 ∈ (0, 1) there is a region labelled V containing (s 0 , t 0 ) and a region labelled W containing (s 0 , t 1 ), then M = V ∪ S W is weakly reducible.
Remark 7.19 is not explicitly stated in [16] but follows immediately from the definitions and Remark 7.17. Indeed, the labelling in the region containing (s 0 , t 0 ) gives an essential disk to one side of S s 0 and the labelling in the region containing (s 0 , t 1 ) gives an essential disk to the other side of S s 0 . The boundaries of these disks are contained in Q t 0 and Q t 1 respectively. As Q t 0 and Q t 1 are disjoint, the boundaries of these disks are disjoint. Hence M = V ∪ S W is weakly reducible.
More subtle facts are the following: Notice
Remark 7.21. If the leaves of the foliation of Q × I are essential in M , then every region of (I × I)\Γ abutting the left edge of I × I is labelled V . Every region of (I × I)\Γ abutting the right edge of I × I is labelled W .
As a warm up in the application of these principles, we prove the following lemma: Lemma 7.22. Suppose that N = Q × I is a product submanifold of M . Suppose further that M = V ∪ S W is a strongly irreducible Heegaard splitting. Let Γ be the Rubinstein-Scharlemann graphic and suppose there is a vertex (s 0 , t 0 ) of Γ with the following properties: 1) Four regions meet at (s 0 , t 0 ).
2) One region is labelled V and one region is labelled W .
Then the following hold:
A) The other two regions abutting (s 0 , t 0 ) are unlabelled.
B) The regions labelled V and W lie opposite each other.
C) The graph G = S s 0 ∩ Q t 0 in Q t 0 contains a connected subgraphG with two vertices v 1 , v 2 , each of valence 4. D) If an edge e of G has both ends on the same vertex v then e ∪ v is an essential circle in Q t 0 . E)G is not contractible in Q t 0 .
Proof: Observations A and B follow directly from Remark 7.20. Recall that each edge signifies a tangency between S s 0 and Q t 0 . If the tangency corresponds to a maximum or minimum, then the labelling of adjacent regions does not change as the edge is traversed. So here the tangencies corresponding to edges must arise from saddle singularities.
It follows that S s 0 ∩ Q t 0 consists of a graph G in Q t 0 that has two valence four vertices. In the four regions abutting (s 0 , t 0 ) the valence four vertices break apart in four possible combinations. See Figure 13 .
Suppose the two valence four vertices of G lie on distinct componentsG 1 ,G 2 of G. AsG 1 ,G 2 break apart as in Figure 13 , the curves arising fromG 1 remain disjoint from the curves arising fromG 2 . Furthermore, the curves arising fromG 1 are identical in the regions North and East and in the regions West and South. The curves arising fromG 2 are identical in the regions North and West and in the regions East and South. It follows that one of the components, sayG 1 , must give rise to the labelling V and the other component, sayG 2 , must give rise to the labelling W . But then two adjacent regions, say the regions North and East, are labelled V . A contradiction. Thus C holds.
Denote the vertices by v 1 and v 2 . Suppose that e has both ends on v 1 and that v 1 ∪ e is inessential. Then there will be two adjacent regions, say the regions North and East, in which this monogon gives rise to a simple closed curve. Since one of the regions, say North, is labelled, say V , this simple closed curve must give rise to a labelling V . But then it gives rise to this labelling in both the region North and in the region East. A contradiction. Hence D holds.
Finally, supposeG is contractible in Q t 0 . By D, each edge has endpoints on distinct vertices. ThusG is as in Figure 14 . Hence in the regions North, East, West and South of (I × I)\Γ we see components of intersection of S s ∩ Q t in Q t as in Figure  15 . 
gives rise to the labelling. We may assume that it gives rise to the label V .
Let (s, t) ∈ North. Denote the annulus cut out by the two circles in North byÃ. Denote the disk cut out by the inner circle byD. By Remark 7.17 we may assume thatD ⊂ V . Denote the outer component of ∂Ã by c and the inner component by c . Since c gives rise to a labelling, c is essential in S s . Since c does not give rise to a labelling, c is inessential in S s . Let D ⊂ S s be the disk bounded by c. We may assume that this disk is disjoint from c∪c . After a small isotopy,Ã∪D is an essential disk in W . But here ∂(Ã ∪ D) = ∂D. So M = V ∪ S W is reducible. But this is impossible. ThusG is not contractible in Q t 0 . Hence E holds.
The following proposition gives the required information concerning the intersection of a strongly irreducible Heegaard splitting with an edge manifold homeomorphic to (torus) × I when this edge manifold is the active component. 2) There is a pair of simple closed curves c, c ⊂ T such that c ∩ c consists of a single point p ∈ T and V ∩ (T × I) is a collar of (c × {0}) ∪ (p × I) ∪ (c × {1}).
Proof: Consider the regions of (I × I)\Γ abutting I × {0}. Since S ∩ (T × ∂I) consist of curves essential in both S and (T × ∂I) there must be an unlabelled such region. We call this region R 0 . Similarly, there must be an unlabelled region, which we call R 1 , that abuts I × {1}. Because of the conditions on S ∩ (T × ∂I) we may assume that for (s, t) in R 0 or R 1 , S s ∩ T t consists of curves essential in both S s and T t . We are interested in monotone paths from R 0 to R 1 .
Our argument breaks into two cases: Either there is a path in I × I from R 0 to R 1 that avoids labelled regions or there is no such path.
Case 1: There is a path beginning in R 0 and ending in R 1 that traverses only unlabelled regions and edges between such regions. See Figure 16 .
It follows from Remark 7.19 that there is a monotone path α beginning in R 0 and ending in R 1 that traverses only unlabelled regions and edges between such regions.
Consider the effect of traversing an edge e from one unlabelled region of (I × I)\Γ to another. Since compression bodies do not contain essential surfaces, S s ∩ T t must contain curves essential in S s . For (s, t) in an unlabelled region, such curves must also be essential in T t . We may thus refer to curves inessential in both S s and T t simply as inessential and to curves essential in both S s and T t simply as essential. As α crosses e, the components of intersection of S s ∩ T t change in the same way that level curves change, as we rise from being below to being above a maximum, minimum or saddle point. If the point of tangency corresponding to e corresponds to a maximum or minimum, then an inessential curve appears or disappears. If the point of tangency corresponds to a saddle singularity, then either one curve is banded to itself or two curves are banded together. Note that S s ∩ T t is separating in T t , hence the essential curves come in pairs parallel in T t . Thus if a curve is banded to itself, then any resulting essential curves are parallel, in T t , to other essential curves. If two essential curves are banded to each other, then an inessential curve results, but essential curves must remain. In both cases, the slope, in T t , of the essential curves is unaffected, as t increases.
Since α is monotone, we obtain a function f : I → I by requiring f (t) to be the value s such that (s, t) is in the image of α. We may now isotope S ∩ (T × I) by isotoping S ∩ (T × {t}) to S f (t) ∩ T t for each t ∈ I. Thus α describes an isotopy of S. We will assume in the following that this isotopy has been performed. The preceding paragraph tells us how S ∩ (T × {t}) changes as t increases. We must reconstruct S ∩ (T × I) from these level sets.
As α traverses an unlabelled region, the curves of intersection S ∩ T t sweep out annuli. As α crosses an edge corresponding to a tangency corresponding to a maximum or minimum an inessential curve appears or disappears. If such a curve appears, this indicates the appearance of a disk. If such a curve disappears, this indicates that an inessential curve is capped off by a disk. Note that since there are no disks for t = 0 or for t = 1, these disks merely cap off inessential curves. Converserly, inessential curves are always capped off by such disks.
Suppose that α crosses an edge corresponding to a tangency corresponding to a saddle point at (s 0 , t 0 ). If an inessential curve is banded to itself, then there are two possibilities: 1) Two inessential curves result. These curves are nested in T t 0 + . However, one of these inessential curves lies in the subdisk of S bounded by the other. Hence the appearance of the new inessential curve does not indicate the appearance of another disk. The appearance of the new inessential curve mereley indicates a saddle singularity, with respect to projection onto t, in the imbedding of a single disk. Thus we may ignore this phenomenon. 2) Two essential curves result. Since the inessential curve bounds a disk in S, the components of S ∩ T t affected piece together to form an annulus that is parallel into
If an essential curve is banded to itself, then either one essential curve or one inessential and one essential curve result. But the first possibility can't occur here, because here S ∩T t is separating for all t. Thus one inessential and one essential curve result. The inessential curve bounds a disk in S. Hence the appearance of the new inessential curve mereley indicates a saddle singularity, with respect to projection onto t, in the imbedding of an essential annulus. Thus we may again ignore this phenomenon.
Finally, suppose that a pair of essential curves disappears as two essential curves are banded to each other to produce an inessential curve. The inessential curve bounds a disk in S. Thus the components of S ∩ T t affected piece together to form an annulus that is parallel into T t 0 − .
Since there are no inessential curves for t = 0 or t = 1, we see that, after further isotopies, S ∩ (T × I) consists of spanning annuli and annuli parallel into T × ∂I. We considerG as in C) of Lemma 7.22. Denote the vertices by v 1 , v 2 and the edges by e 1 , e 2 , e 3 , e 4 . Suppose first that one edge, say e 1 has both ends on v 1 . Then sinceG is connected, and since v 1 and v 2 have valence four, there must be exactly two edges e 2 , e 3 , each with one end on v 1 and one end on v 2 . It follows that e 4 must have both ends on v 2 . By Lemma 7.22 both v 1 ∪ e 1 and v 2 ∪ e 4 are essential. Since these curves lie on a torus, they are parallel. The other possibility is that all edges have one end on v 1 and one end on v 2 . Subcase 2.1: e 1 has both ends on v 1 , e 4 has both ends on v 4 and e 2 and e 3 are parallel.
HereG is as in Figure 18 : This implies that as v 0 is crossed going from one unlabelled region to another, S ∩ T t changes as in Figure 19 :
But this corresponds to the addition of a 1-handle. The core of the 1-handle can be isotoped into T t 0 . Since there are essential disks for both V and W cut out byG,
. In particular, we may assume that S ∩ (T × {t 0 − , t 0 + }) consists of curves essential in S and in T t 0 ± . This implies that S ∩ (T × [t 0 − , t 0 + ]) is as described in option 1). HereG is as in Figure 23 . This implies that as v 0 is crossed going from one unlabelled region to another, S ∩ T t changes as in Figure 24 :
Thus S ∩T ×[t 0 − , t 0 + ] consists of spanning annuli together with one component that is obtained as follows: an annulus that is parallel into T t 0 ± is tubed to a spanning annulus. This is precisely the type of compressible component that arises in Case 2.1 if an annulus parallel into T t 0 − is attached to one end of the compressible component Note that S is separating. This induces a bicoloring of T t 0 \S. Such a bicoloring is not possible if two edges are parallel. This forcesG to be as in Figure 25 :
This implies that as v 0 is crossed going from one unlabelled region to another, S ∩ T t changes as in Figure 26 :
In 
Fitting the pieces together
We here prove the main theorem. As it turns out, the hard work is already done. It remains to fit the results together.
In the following, we will assume that the characteristic submanifolds of our graph manifolds and generalized graph manifolds are non empty. Graph manifolds with empty characteristic submanifolds are Seifert fibered spaces. The corresponding result for Seifert fibered spaces was obtained by Y. Moriah and the author in [13] together with [21] and [22] . Generalized graph manifolds with empty characteristic submanifolds are either Seifert fibered spaces or product manifolds of the form (surf ace) × I. The corresponding result for such manifolds was obtained by M. Scharlemann and A. Thomspon in [19] . Theorem 8.1. Suppose M is a totally orientable generalized graph manifold. If M = V ∪ S W is a strongly irreducible Heegaard splitting, then M = V ∪ S W is standard.
More specifically, let E be the characteristic submanifold of M . Then S can be isotoped so that for each vertex manifold M v of M , S ∩ M v is either horizontal, pseudohorizontal, vertical or pseudovertical and such that for each edge manifold M e = (annulus) × I, or M e = (torus) × I respectively, S ∩ M e is characterized by one of the following: Figure 26 : Another way of adding a 1-handle 1) After isotopy, S ∩ M e is obtained from a collection of incompressible annuli by ambient 1-surgery along arcs each of which is parallel into (annulus) × {point}, or (torus) × {point}, respectively.
Proof: If E = ∅, then S is either pseudohorizontal or pseudovertical, by the main theorems of [19] , [13] , [21] and [22] . Thus we may assume in what follows that E = ∅.
Let T be the collection of decomposing annuli and tori. Let N be a component of M \T . By Lemma 6.1, S ∩ N is incompressible unless N is the active component. Thus if N is not the active component, then S ∩ N is as required. Specifically, if N is a vertex manifold, S ∩ N is either horizontal or vertical. And if N is an edge manifold, then S ∩ N consists of incompressible annuli.
If N is the active component, we must consider the possibilities: If N is a vertex manifold that is Seifert fibered and has non empty external boundary then Proposition 7.4 applies. If N is a vertex manifold that is a product, then Lemma 7.13 applies. Thus in these two cases, we may rechoose the decomposing annuli or tori so that an edge manifold becomes the active component. Similarly, if N is vertex manifold that is a Seifert fibered space with no external boundary, then either S ∩N is pseudohorizontal, or we may rechoose the decomposing tori so that an edge manifold becomes the active component.
Finally, if N is an edge manifold, then S ∩ N is as required by Proposition 7.15 and Proposition 7.23. Now the main theorem follows from Theorem 8.1 along with the constructions of untelescoping and amalgamation. Recall Theorem 3.10 which states that, given an irreducible Heegaard splitting, the amalgamation of the weak reduction of this Heegaard splitting yields the original Heegaard splitting. To prove the main theorem, we must hence merely consider the result of amalgamating strongly irreducible Heegaard splittings of generalized graph manifolds. Therebey, we reconstruct all possible Heegaard splittings of a graph manifold.
Proof: (of Theorem 1.1) If E = ∅, then S is either pseudohorizontal or pseudovertical, by the main theorems of [13] , [21] and [22] . Thus we may assume in what follows that E = ∅.
Consider the irreducible Heegaard splitting
Denote the decomposing tori by T . By Lemma 4.2, ∪ i F i can be isotoped, so that for each vertex manifold M v of M , F i ∩ M v is either horizontal or vertical and so that for each edge manifold M e , F i ∩ M e is incompressible. If we assume that the number of components of intersection of ∪ i F i with the decomposing tori is minimal, then ∪ i F i intersects an edge manifold (torus) × I either in annuli of the form (essential curves) × I or in tori of the form (torus) × {point}.
Consider the result of cutting M along ∪ i F i . When we cut along a component of ∪ i F i of the form (torus) × {point} in an edge manifold we obtain a collar on a boundary component of an adjacent Seifert fibered vertex manifold. Recall that we may ignore this collar by choosing a foliation of this collar by circles that is compatible with the fibration of the Seifert fibered vertex manifold.
Thus a 3-manifold To consider what happens to pseudovertical surfaces, recall that a pseudovertical surface is obtained by performing ambient 1-surgery on vertical surfaces along arcs with certain properties. Hence the result of amalgamating pseudovertical surfaces can be obtained by first amalgamating the vertical surfaces and then performing the ambient 1-surgeries. One must merely ensure that the endpoints of the arcs along which the ambient 1-surgeries are to take place do not coincide. See Figure 28 . Let N e be an edge manifold of M . We consider the result of the amalgamation of the standard Heegaard splittings of the M i while restricting our attention to N e .
If N e ⊂ M i 0 for some i 0 , then S ∩ N e = S i 0 ∩ N e . Here S i 0 ∩ N e is as required. Thus S ∩ N e is as required.
Suppose it is not the case that N e ⊂ M i 0 for some i 0 . Again, set N Now note that there might also be N i e homeomorphic to (torus) × I. The main theorem in [19] states that there are two irreducible Heegaard splittings for (torus)×I. One, called type I, has a splitting surface isotopic to (torus) × {point}. The other, called type II, has a splitting surface obtained from two parallel such surfaces by ambient 1-surgery along an arc that is parallel into {point} × I.
If 
